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We have investigated the Regge trajectories of exotic hadrons by considering different
possible pentaquark configurations with finite quark mass in the flux tube model. Signifi-
cant deviation is observed in the linear behavior of the Regge trajectories for pentaquark
systems in view of the universal value of the Regge slope parameter for hadrons. The
modified Regge trajectories are also compared with the available experimental and lat-
tice data. It is observed that the non-linear Regge trajectories of such pentaqurk systems
can be well described by the relativistic corrections in view of the current quark masses
and the high rotational speed of the quarks at the end of flux tube structure.
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1. Introduction
According to quark spectrum and color confinement different kind of color singlet
quark configurations can exist in nature.1 Some of these confugurations are exotic
hadrons and the presence of such exotic hadrons in nature is believed to provide
useful insights into the largely unknown dynamics of quark-gluon dynamics mainly
with respect to the confinement and other closely related aspects. In general, the
linear Regge trajectories of hadrons admit a linear confinement potential1, 2 and
therefore, it is also important to investigate the behavior of such trajectories for the
case of exotic hadrons. Therefore, in order to further understand the quark-gluon
interactions and properties of quark matter, it is useful to investigate the Regge
trajectories of the exotic hadrons. It is worth noticing that many of the resonance
states observed at Belle, Babar and CLEO experiments are quite difficult to inter-
pret in terms of conventional mesonic and baryonic states3, 4 and therefore, some
other color singlet quark combinations are proposed viz. exotic mesons, tetraquarks,
hybrid mesons etc. It is believed that these particles may actually be hybrids or
1
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hadron molecules and some of the exotic hadrons also belong to pentaquark family
which consists four quarks and one antiquark. The primary aim here is to further
explore the properties of such pentaquark configurations. The theoretical prediction
of such systems which are heavy and short lived states was first given by M. Jezabek
and M. Praszalowicz5 in 1987. Initially, such states were observed as exotic baryons
produced in different processes,6 but with the improved experimental facilities, the
experimental observation of these particles was first reported by Diakonov, Petrov,
and Polyakov7 in 1997. Since then many experiments have confirmed the existence
of different pentaquark systems8–10 and their properties are discussed in detail based
on lattice calculations.11 The analysis of many experimental data still need more
careful attention to prove the existence of pentaquark configurations12, 13 however,
there are number of investigations to confirm the existence of such states including
the recent one at CERN and DIANA collaborations.11, 14–16 One may also notice
that there are evidences for charmed pentaquarks14 in addition to the first observed
pentaquark Θ+.
The properties of pentaquarks have been studied by using different models.17, 18
The flux tube model has been very successful in predicting the classical mass as
well as the angular momentum of hadrons19–27 and it has also been used to study
the Regge trajectories of pentaquark configurations with diquark-antiquark-diquark
clustering in rotating flux tube at different orbital excitations.28
In the present work, we consider the flux tube model to extend our earlier work26
on Hadronic Regge trajectories to the case of pentaquarks system. A generalized
formulation of the Regge trajectories of pentaquarks is developed by incorporating
the mass of quarks. One-four and two-three quark/antiquark clustering is considered
at the end of flux tube. It is found that the Regge trajectories of pentaquarks are
highly non-linear and the results obtained are also compared with the experimental
and lattice data.
2. The Classical Mass and Angular Momentum
In the flux tube model of hadrons, with the massless quarks lying at the end of
the string, it is assumed that the endpoints of the string rotate with the speed of
light. The mass of the hadron then emerges as the potential energy due to the string
tension. Let length of the string is l and string tension is σ. If the string is rotating
about the mid point, the mass of hadron in the natural system of units (i.e., ~ = 1
and c = 1) is given as2
M = 2
∫ l
2
0
σ dr√
1− v2 , (1)
The angular momentum of the hadron is however, given as
J = 2
∫ l
2
0
σvr dr√
1− v2 , (2)
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The inter-relation between J and M reads as
J = α′M2 + α0 (3)
where α0 is a constant which is occuring due to the intrinsic spin of quarks and the
Regge slope parameter α′ is given by 12piσ . The linear potential between quarks is
given by V (r) = σr where r is the sparation between quarks.
Recently, we have studied the Regge trajectories of hadrons by using the massive
qaurks.26 Here, we consider different possible configurations of pentaquark systems
as presented in Fig1 and Fig2 and if one extends the formulation in26 for pen-
taquarks, the modified mass expression for the pentaquark for configuration (i) as
in Fig1 reads as
M1i =
σ(M −m1)l
fM
(∫ f
0
dv√
1− v2 +
∫ m1
(M−m1)
f
0
dv√
1− v2
)
+ γ1m1 + γ2(M −m1) (4)
where M = m1 +m2 +m3 +m4 +m5, γ1 =
1√
1−f2
and γ2 =
1√
1−
m2
1
f2
(M−m1)
2
. Here
f is the fractional rotational speed (actual speed is fc) of the endpoint on string
at position r from the mid point of the string. The first two terms in the above
expression show the flux tube contribution while the other two terms are relativistic
masses of quarks. The Eq (4) after integration can be rewritten as follows,
M1i =
σ(M −m1)l
fM
(
sin−1f + sin−1
m1f
(M −m1)
)
+ γ1m1 + γ2(M −m1) (5)
The expression for the angular momentum of pentaquark (J1i) is given by
J1i =
σ(M −m1)2l2
f2M2
(∫ f
0
v2 dv√
1− v2 +
∫ m1
(M−m1)
f
0
dv√
1− v2
)
+
m1fl
M
{γ1(M −m1) + γ2m1} (6)
where the first two terms represent the angular momentum generated due to rotation
of string and the other two terms represent the angular momentum generated due
to motion of quarks. After, integration, the Eq (6) leads to the following form
J1i =
σ(M −m1)2l2
f2M2
(
1
2
sin−1f − f
2
√
1− f2 + 1
2
sin−1
m1f
M −m1
− m1f
2(M −m1)
√
1− f
2m21
(M −m1)2
)
+
m1fl
M
(γ1(M −m1) + γ2m1) (7)
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One can easily notice that the above expressions are directly dependent on (M−m1)
and the configuration containing the heaviest quark at one end will have least con-
tribution among all other configurations. Similarly for configuration (i) as presented
in Fig2, the expression for mass reads as
M2i =
σ(M −m1 −m2)l
fM
(∫ f
0
dv√
1− v2 +
∫ m1+m2
M−m1−m2
f
0
dv√
1− v2
)
+ γ3(m1 +m2) + γ4(M −m1 −m2) (8)
where γ3 =
1√
1−f2
and γ4 =
1√
1−
(m1+m2)
2f2
(M−m1−m2)
2
. The string length is assumed same
for all the configurations. The Eq (8), can be rewritten as follows after integration
M2i =
σ(M −m1 −m2)l
fM
(
sin−1f + sin−1
(m1 +m2)f
(M −m1 −m2)
)
+ γ3(m1 +m2) + γ4(M −m1 −m2) (9)
The modified angular momentum of pentaquark (J2i) is given by
J2i =
σ(M −m1 −m2)2l2
f2M2
(∫ f
0
v2 dv√
1− v2 +
∫ m1+m2
M−m1−m2
f
0
dv√
1− v2
)
+
(m1 +m2)fl
M
{γ3(M −m1 −m2) + γ4(m1 +m2)} (10)
which can be simplified as follows after integration
J2i =
σ(M −m1 −m2)2l2
f2M2
(
1
2
sin−1f − f
2
√
1− f2 + 1
2
sin−1
(m1 +m2)f
M −m1 −m2
− (m1 +m2)f
2(M −m1 −m2)
√
1− f
2(m1 +m2)2
(M −m1 −m2)2
)
+
(m1 +m2)fl
M
(γ3(M −m1 −m2) + γ4(m1 +m2)) (11)
In Fig1 and Fig2, there are fifteen configurations in total which are equally probable.
Therefore, the mass and angular momentum of the pentaquark should be averaged
over all such configurations. The expressions of mass and angular momentum for
configurations ‘1i’ and ‘2i’ are functions of sin−1 m1f
M−m1
and sin−1 (m1+m2)f
M−m1−m2
re-
spectively. Since sinθ ≤ 1 so f ≤ M−m1
m1
and f ≤ M−m1−m2
m1+m2
. Further, according to
the special theory of relativity f ≤ 1. Such conditions would also arise for all the
configurations which shall satisfy simultaneously.
3. Summary and Conclusions
We have considered the mass of up, down, strange and charm quarks as mu = 2.3
MeV, md = 4.8 MeV, ms = 95 MeV, and mc = 1275 MeV respectively, and the
string tension29 σ = 0.2GeV 2. The length of string should change for different
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quark masses in order to maintain the string tension such that the angular momen-
tum remains constant. Therefore, the length of the string for different pentaquark
configurations is taken different as given in table 1. In the last column of the table
the contribution of the pentaquark configuration when the heaviest quark is at one
end of the string is shown.It is, therefore, clear that such configuration results are
in close agreement with the actual ones.
The mass variation of pentaquarks with the rotational speed is presented in Fig3
which indicates almost the same pattern for all the pentaquark configurations. For
lower speed, it is almost linear but for higher speed, it shows a highly non-linear
behavior. The seperation between each curve depends upon the current quark mass
difference of pentaquarks. One may notice that there is a large gap between charm
pentaquarks and non-charm pentaquarks as shown in Fig3. For the purpose of
computation, the rotational speed of the low mass string end is taken as fc < 1
(c = 1) and mass as well as angular momenta are then calculated for different
values of f . It is observed that for string length range 1.4 - 2.1 fm, our results as
presented in table 1 are in good agreement with the experimental9, 10 and lattice17
data. It is interesting to note that as the mass of pentaquarks increases the string
length also increases. But from simple classical analysis, it can be proved that if the
angular momentum and string tension are constant then the string length should
decrease with mass. According to the special theory of relativity, at constant force
a light mass system will be more relativistic than a heavier one which can easily
be visualised in our data. It is found that for light pentaquarks nearly 90% mass
is coming due to the relativistic correction and for heavier pentaquarks it is nearly
50%.
Fig4 shows the mass dependence of pentaquarks with string length. Here, we
have considered the fractional rotational speed of lower mass end of pentaquark
string as 0.5 which is an arbitrary number but seems to be reasonable for both
the light and heavy pentaquarks. One can easily notice that the mass of the pen-
taquarks varies linearly with the string length. The intersection points on the mass
axis denotes the contribution of the current quark mass on the actual pentaquark
mass. One can infer the string lengths for different pentaquarks from this graph by
comparing it with the experimental data.
In order to perform the calculation of Regge trajectories, the averaged expres-
sions of angular momentum (J) and mass (M) over all configurations are considered
and the Fig5 represents a graph between averaged angular momentum and square
of mass. In order to get the desired expressions, first the relation between J and M
for any single quark configuration of pentaquark is calculated and then the average
angular momentum over all the configurations in terms of M is obtained. One can
easily notice that it will not be proportional to the square of averaged mass of pen-
taquark (over all the quark configurations). On following an analysis for baryons by
Nandan and Ranjan,26 it can easily be shown that the Regge trajectory for the pen-
taquark will not be linear. The non-linear Regge trajectories are found as depicted
in Fig5 and it is interesting to note that for heavy pentaquarks the angular momen-
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tum spectrum is richer than for light pentaquarks. Two Regge trajectories which
intersect each other indicates that two different pentaquarks can have same angular
momentum as well as mass. From the expressions of angular momenta and mass, it
appears that the steepness of the Regge trajectories will depend upon the current
quark mass and string length. The steepness of the trajectories increases with the
increase in the string length, but for quarks’ current mass it is not so apparent. In
the Fig 5, string length for pentaquarks uuddc and uudsc are same but still they
intersect each other which means that the steepness of the Regge trajectory de-
creases with decrease in the current quark mass. From Fig5, one may also conclude
that the steepness of Regge trajectories decreases with mass of pentaquarks. This
discussion becomes particularly important when one replaces the slope of the linear
portion of the Regge trajectories by effective string tension.
Therefore, one may conclude that the Regge trajectories of pentaquarks is well
described by the relativistic corrections with current quark masses. The mass of
the pentaquark increases almost linearly with low rotational speed of the string but
becomes highly non-linear at high rotational speed and also causes non-linearity
in the Regge trajectories. If we wish to interpret the slope of the linear portion
of the Regge trajectories as effective string tension then it will depend upon the
string length and current quark mass. The interesting result we observed from our
investigations is that two different pentaquarks can have equal mass as well as
angular momentum. Still we need more experimental data to verify these results.
In view of these results, one may expect the emergence of more/new pentaquarks
from colliders in near future.
Table 1. Comparision of our results with other’s works on pentaquarks.
S. No. Pentaquark Quark Our results Other’s Charm
structure Mass(J) results String quark end
in MeV Mass (J) length contribution
in MeV in fm Mass(J)
9, 10, 17 in MeV
1. Θo
c
uuddc¯ 3020( 1
2
) 3099( 1
2
) 1.7 3024( 1
2
)
2. No
c
uudsc¯ 3110( 1
2
) 3180( 1
2
) 1.7 3115(0.511)
3. Ξo
c
uussc¯ 3604( 1
2
) 3650( 1
2
) 2.1 3606(0.508)
4. θ+ uudds¯ 1537( 1
2
) 1540( 1
2
) 1.4 1538(0.448)
5. Ξ−−c ddssu¯ 1883(
3
2
) 1860( 3
2
) 1.6 1885.5(1.227)
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q1---------------------------------q2q3q4q5 
q2--------------------------------q1q3q4q5 
q3--------------------------------q1q2q4q5 
q4--------------------------------q1q2q3q5 
q5--------------------------------q1q2q3q4 
(i) 
(ii) 
(iii) 
(iv) 
(v) 
Fig. 1. Different configurations of pentaquarks with one quark at one end of the string.
Fig. 2. Different configurations of pentaquarks with two quarks at one end of the string.
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Fig. 3. Mass (M) variation of different pentaquarks with variation in speed (f) of lighter end of
pentaquark string.
 
Fig. 4. Mass (M) variation of different pentaquarks with variation in string length.
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 
Fig. 5. Regge trajectories for different pentaquarks.
